This paper considers the problem of minimizing roundoff noise in two-dimensional ( 2 -0 ) 
I. INTRODUCTION
One of the primary finite-word-length (FWL) register effects in fixed-point digital filters is the roundoff noise caused by the rounding of products/summations within the realization. One can reduce the roundoff noise at the filter output using error feedback, which is achieved by extracting the quantization error after multiplications and additions, and then feeding the error signal back to a certain point through a simple circuit. Several techniques for error feedback have been presented in the past for 1-D digital filters This paper proposes several new algorithms for the reduction of roundoff noise in 2-D state-space digital filters. Several closed-form formulas for evaluating the optimal full-scale, block-diagonal, diagonal, and scalar error-feedback matrices for a given 2-D state-space digital filter are derived. A numerical example is presented to illustrate the algorithms proposed and to demonstrate their performance.
2-D STATE-SPACE DIGITAL FILTERS WITHERRORFEEDBACK
Consider the Roesser local state-space (LSS) model ( A , b, c, d) ,,+ which is stable, separately locally controllable and separately locally observable: Carrying out the quantization before matrix-vector multiplication, an FWL implementation of (1) can be expressed as 
where D is referred to as an error-feedback matrix.
be the 2-D transfer function from the quantization error, e(i, j ) , to the filter output, Ay(i, j ) .
where 2 = z l I m @ z21n. The noise variance gain I ( D ) = u&,,/u2 is then defined by
where uiUt denotes noise variance at the output, and with I ? , = {zi : lzil = 1) for i = 1,2. By applying the 2-D Cauchy integral theorem, we obtain
where W O is called the local observability Gramian of the 2-D filter, and is defined by The 12-norm dynamic-range scaling constraints on the local state vector involves the local controllability Gmmian of the 2-D filter, which is defined by The problem considered is to design the errorfeedback matrix D that minimizes ( 7 ) , where matrix W O is specified by (8), subject to that all the diagonal elements of K, equal unity.
DETERMINATION OF OPTIMAL ERROR FEEDBACK MATRICES
In this section, we derive closed-form formulas for the determination of the optimal full-scale, blockdiagonal, diagonal, and scalar error-feedback matrix D to minimize I(D) = t r [ W~] for a given 2-D state-space digital filter.
Case 1: D is a general matrix
Substituting (8) into ( 7 ) , we obtain
Differentiating (12) 
Case 2: D is a block-diagonal matrix
In this case, matrix D assumes the form where D1 and D1 are m x m and n x n matrices, respectively, which leads (12) to
Letting aI(D)/aDi = 0 for i = 1 , 4 yields
By substituting (17) into (16), we obtain the minimum value of the noise variance gain I ( D ) as 
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Case 4: D1 and D4 are scalar matrices CUI, and PI, If D1 = QIm and D4 = P I n with scalars a and P, If D is constrained to be a diagonal error-feedback matrix, then it can be calculated using ( From these results, it is observed that the utilization of an optimal error feedback matrix leads to considerable reduction in roundoff noise, even when a scalar D = CUI, @PI, with quantized cu and 0.
V. CONCLUSION
In this paper, the problem of minimizing roundoff noise in 2-D state-space digital filters has been investigated by means of error feedback. General, blockdiagonal, diagonal, and scalar error-feedback matrices for minimizing the noise variance gain in a given 2-D state-space digital filter have been derived. Simulation results have been presented to illustrate the validity of our theoretical analysis and proposed algorithms.
